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Abstract 
Reliable large-scale characterization of soil water retention (WRF) and hydraulic conductivity (HCF) functions 
requires a large amount of direct measurements for hydrological modeling applications. Although direct 
measurements of WRF are time consuming, they tend to be far less time and labor-intensive than direct 
measurements of HCF. Therefore, WRF experimental data are often exploited to predict the HCF through available 
existing models. Current popular approaches include the well known physically-based Mualem’s model. We hereby 
propose a novel, simple and physically sound model to predict the relative HCF from Kosugi’s WRF expression [14]. 
The proposed model is based on the introduction of a new conductivity parameter, , that is related to the coefficient 
of variation of the WRF. The model is calibrated on 20 soil samples and subsequently tested on an independent data 
set of 57 samples. The predictions show relatively high accuracy and reliability when compared to those derived from 
Mualem’s model. 
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1. Introduction 
Hydrological models for predicting water flow and solute transport in the vadose zone require 
knowledge of soil hydraulic properties, namely the soil water retention function (WRF) and the hydraulic 
conductivity function (HCF). The former is a relationship between the volumetric soil water content,  
(L3L-3), and the soil suction head, h (L), whereas the latter relates the soil hydraulic conductivity,K (LT-1), 
to  or h. Ideally, hydrological models that are applied at field or catchment scales should incorporate a 
large number of direct measurements of WRF and HCF in order to properly characterize their spatial 
variability. In practice, the labor-intensive nature of these measurements is a limiting factor.  
WRFs are commonly measured with laboratory techniques such as hanging water columns and suction 
tables, which can accommodate a range of imposed suction values that can be extended until about -500 
cm [23,9,10,20]. Pressure plate extractors and other techniques are available for extending measurements 
further into the dry range of the WRF. Each approach carries a range of strengths and weaknesses 
[12,8,5,6]. Despite the inevitable efforts and uncertainties associated to these techniques, WRF 
measurements are fairly accessible in comparison to HCF measurements. Simultaneous determination of 
both WRF and unsaturated HCF typically requires specialized laboratory equipment and intensive 
monitoring activities. For example the evaporation method [27,26,22,20,28] or the multi-step outflow 
method [29,7], both require continuous monitoring of soil suction head and transient outflow with the use 
of sophisticated and expensive instrumentation. We mention for example micro-tensiometers which 
mandate careful and tedious maintenance [13,24]. Although considerable effort has been devoted to 
simplifying the experimental protocols for the multi-step outflow method [11,19] and for the evaporation 
method [20,25], such measurement techniques are still relatively time consuming, tedious and expensive, 
and therefore not achievable in support of hydrologic modeling initiatives. 
An alternative and more practical approach being effective for hydrological applications at larger 
spatial scales is to estimate HCF from direct measurement of the WRF through the use of analytical 
models. Such approach typically includes the calibration of empirical parameters using field data sets 
[18]. Because the WRF reflects the pore-size distribution, the empirical calibration is usually focused on 
the parameters that describe the tortuosity and connectivity of pores [1,2].  
The aim of the work described in this paper is to predict the unsaturated HCF from Kosugi’s WRF 
analytical expression [14,15] by following the approach proposed by Assouline [1], who suggested to 
merge the conductivity parameters into a single parameter, . This parameter was found to be highly 
correlated with the coefficient of variation, CV, of the WRF expressed in terms of Assouline’s model 
[1,2,4]. Therefore, we follow the same hypothesis of Assouline, but adopt the WRF model of Kosugi 
[14]. If valid, such (CV) relationship will offer an appealing and practical way to relate WRF with HCF. 
To meet this goal, an initial data set of 20 samples is used to determine the correlation between CV and . 
An additional data set of 57 soil samples is subsequently adopted to test our proposed procedure. 
2. Model Development 
The soil is assumed to be made up by a randomly-distributed bundle of intersecting cylindrical 
capillary tubes (series-parallel statistical model) with different classes of pore radii, r (L). Pore radii are 
assumed to be log-normally distributed through the p(r) (L-1) function with mean lnrm (ln indicates the 
natural logarithm) and standard deviation, : 
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where s (L3 L-3) and r (L3 L-3) are the saturated and residual soil water contents, respectively. The soil 
water suction head, h (L), is assumed to be proportional to the inverse of the equivalent pore radius, r (L), 
through the Young-Laplace capillary equation (i.e. r  0.149/h). The soil water retention function is then 
derived [14]: 
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where erfc represents the complementary error function, lnhm and  denote the mean and standard 
deviation of lnh, respectively, and Se represents the degree of saturation that varies from 0 (when  = r) 
to 1 (when  = s). The hm value represents the median suction head and therefore corresponds to Se = 0.5 
[14]. The parameter hm (100 cm < hm < 105 cm) shifts the entire WRF along the h-axis and represents a 
synthetic indicator of soil texture (low and high values of hm characterize coarse and fine soils, 
respectively). The parameter  describes the degree of variability of the pore-size distribution and, 
therefore, determines the shape of the WRF. Low -values indicate low variability of the distribution of 
the pore-radii by generating a step-type function for the WRF, typical for coarse porous media. Increasing 
-values represent increasing variability of soil pore dimensions and result in a smoother, more sigmoid, 
function for the WRF. The coefficient of variation, CV, of the WRF is defined as: 
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Unsaturated hydraulic conductivity is derived from the WRF through the combination of Poiseuille’s 
law and Darcy’s law [18]. A general expression of the approach proposed by Mualem [18], expressing K 
as a function of the degree of saturation, Se, and introducing the effect of tortuosity and relative hydraulic 
connectivity, Kr (-) can be described as follows [15]: 
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where Ks (L T-1) denotes the saturated hydraulic conductivity. In Eq. (4), the term Sel represents the 
macroscopic tortuosity-connectivity parameter. Indeed it accounts for tortuosity that converts the overall 
ideal straight capillary tube lengths into the actual flow pathways of the porous medium, and for pore 
inter-connectivity that decreases with the decrease in soil water content. The minimum allowable value 
for l is -2 to ensure monotonicity of HCF [21]. Based on a soil data set of 45 soils, Mualem suggested an 
optimal value of 0.5 for the parameter l [18]. However, considering a data base of 401 soils, [16] found 
that the mean value was l = -0.7. The power  in Eq. (4) is a fractal parameter linked to the microscopic 
pore tortuosity and intra-connectivity (theoretically equal to 2 according to the Poiseuille’s law if the 
capillary bundle is perfectly cylindrical) whereas  defines the pore configuration [1,30]. Only two 
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special cases of the unsaturated conductivity model of Eq. (4) lead to closed-form expressions for the 
HCF: 
–  = 2 and  = 1 (Burdine’s condition); 
–  = 1 and  = 2 (Mualem’s condition). 
According to Mualem’s condition, the relative hydraulic conductivity, Kr(Se) is obtained through the 
following closed-form analytical relation: 
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Note that the relative hydraulic conductivity, Kr varies from 0 (when  = r or Se = 0) up to 1 (when  
= s or Se = 1). Combining Eq.(2) with Eq.(5) yields the following closed form relation to describe the 
relative soil hydraulic conductivity, Kr(Se), based on the combination of the Kosugi-Mualem models, and 
hereinafter referred as KM-HCF: 
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The soil hydraulic parameters at full saturation (i.e., s and Ks) are directly measured, whereas the 
remaining unknown hydraulic parameters (hm, , r) are simultaneously optimized by matching Eqs. (2) 
and (6) to the observed water retention and hydraulic conductivity data points, respectively. Usually, the 
parameter l is assumed constant and equal to 0.5 [18]. 
Assouline [1,2] proposed an alternative approach to relate the parameters of the WRF to a new 
analytical expression for HCF. This novel form incorporates the tortuosity and pore connectivity factors 
into a new parameter,  (-), thus suppressing the Sel term and avoiding the need to assume a constant 
power of 2 in Eq. (6): 
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In the following discussion,  will be referred to as the conductivity parameter. A strong relationship 
was observed between  and the coefficient of variation, CV, of the WRF when this function is described 
using the model of [4] [1,2]. This relation remained applicable when changes in soil bulk density occurred 
[3]. Introducing Kosugi’s WRF (Eq.(2)) into Eq.(7) results in the following Kosugi-Assouline expression, 
hereafter referred as KA-HCF:  
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Expressing HCF in terms of Kr(Se) emphasizes the influence of l on KM-HCF and  on KA-HCF. 
3. Materials and methods 
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3.1. Database of soil hydraulic properties 
Water retention and hydraulic conductivity data are taken from the Hydraulic PRoperties of European 
Soils (HYPRES) database [31,17]. This data set contains numerous measurements of soil physical, 
chemical and hydraulic properties from different European Institutions. A subset of 77 WRF and HCF 
data was selected including direct measurements of saturated water content, s and saturated hydraulic 
conductivity, Ks (expressed in natural logarithm, lnKs). The selection criteria ensured a minimum of 10 
points for both the measured water retention and hydraulic conductivity data and cover sandy-, loamy- 
and silty-textured soils. Unfortunately we are missing both very coarse and very fine textured soils in this 
analysis. The water retention parameters (lnhm,  and r) of Kosugi’s WRF are obtained by minimizing 
the residuals between the measured water retention data pairs ( -h) and the interpolated function (Eq. (2)). 
Table 1 reports mean, standard deviation, minimum and maximum values of measured ( s and lnKs) and 
optimized (lnhm,  and r) of Kosugi’s WRF parameters.  
Table 1. Mean, standard deviation, minimum and maximum values of measured ( s and lnKs) and optimized (lnhm,  and r) of 
Kosugi’s WRF parameters. 
  lnKs s lnhm r 
  cm h-1 cm3 cm-3 cm - cm3 cm-3 
mean -0.749 0.415 5.83 1.88 0.072 
standard deviation 2.395 0.060 1.24 0.55 0.089 
min -5.642 0.302 3.90 0.95 0.00023 
max 2.955 0.595 9.15 3.50 0.24 
 
The data set has been partitioned into a subset of 20 data for calibration purposes and a second subset 
of 57 soils for testing purposes. 
3.2. Model calibration 
The  is optimized for each of the 20 soils of the calibration data set by minimizing the errors between 
the measured relative conductivity data pairs (h-Kr) and the computed HCF function according to Eq. (8). 
The interpolation procedure was based on minimization of the root mean squared deviations (RMSD) 
between the model (Kr,PRED) and the measured (Kr,MEAS) relative hydraulic conductivity values expressed 
in decimal logarithm scale:   
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where N is the total number of measured data pairs for each soil. The CV values are calculated with Eq. 
(3) and plotted against the optimized -values in Fig. 1. The resulting linear regression expression 
relating  to CV is: 
 
    = -5.69 CV + 3.95                          (R2 = 0.58) (10) 
 
cautioning that this empirical relation is valid only for 0.2 < CV < 0.4 and 1<  < 3. Fig. 1 reveals that  -
values decrease as CV-values increase, and that Eq. (10) permits a relatively good fit with a  reasonable 
correlation coefficient. 
 
(-)
CV (-)
= -5.69 CV+3.95
R2=0.58
 
Fig. 1. Coefficient of variation, CV of Kosugi’s WRF and optimized -values of the 20 data (open squares) and fitted regression 
equation (solid black line). 
4. Results and discussion 
The regression line (Eq. (10)) obtained with the first subset of 20 data was used to predict the HCFs 
from the second subset of 57 data for performance testing. To do so, the predicted -values and the 
optimized WRF parameters (lnhm,  and r) were inserted in Eq. (8) to estimate the KA-HCF, and the 
optimized WRF parameters (lnhm,  and r) were inserted in Eq. (6) to estimate the KM-HCF (with l = 
0.5). The RMSD-values for each HCF type were calculated through Eq. (9) and are compared in Fig. 2. 
Fig 2 shows that KA-HCF generally outperformed the KM-HCF for most soils (41 of 57 have lower 
RMSD values for KA-HCF). The proposed KA-HCF has a better performance than the KM-HCF because 
it exploits the relation between the WRF and the conductivity parameter, . On the other hand KM-HCF 
adopts a constant l-value (l = 0.5) that does not offer mathematical flexibility on the HCF. 
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Fig. 2. RMSD-values of the 57 samples of the second subset pertaining to KA-HCF (blue bars) and KM-HCF (red bars). 
 
Fig. 3 shows the scatterplot of RMSD-values pertaining to KA-HCF and KM-HCF as a function of the 
WRF parameters (lnhm and ). The deviations are generally low for both models but the KA-HCF has a 
slightly higher performance than the KM-HCF overall. Moreover Fig. 3 shows that hm and  are highly 
correlated. This indicates that soils with variable porosity (with high –values) are the fine textured ones 
(with high lnhm–values). We stress on the fact that the errors are well distributed for the KA-HCF (see 
Fig. 3a). On the contrary, RMSD-values in Fig. 3b show two distinct patterns which may indicate a 
significant bias.  
(-
)
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Fig. 3. Scatterplot of RMSD-values as a function of Kosugi’s WRF parameters (hm and ); a) RMSD-values pertaining to the KA-
HCF; b) RMSD-values pertaining to the KM-HCF. 
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5. Conclusion 
A new parametric relation is proposed to predict unsaturated hydraulic conductivity when describing 
the soil water retention function through the model of [14]. Our approach offers increased flexibility 
relative to Mualem model [18] by relating Assouline’s  parameter to the CV of the WRF. The proposed 
analytical expression has been calibrated and tested using a relatively large data set and the results 
demonstrate reliability and compare favorably to the widely-used model of Mualem [18].  
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